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Abstract

In the past decade, there has been an explosion of interest in using /;-regularization in place

of ly-regularization for feature selection. We present theoretical results showing that while
l1-penalized linear regression never outperforms ly-regularization by more than a constant
factor, in some cases using an [; penalty is infinitely worse than using an [y penalty. We
also compare algorithms for solving these two problems and show that although solutions
can be found efficiently for the [; problem, the “optimal” [; solutions are often inferior
to Iy solutions found using greedy classic stepwise regression. Furthermore, we show that
solutions obtained by solving the convex [; problem can be improved by selecting the best
of the 1 models (for different regularization penalties) by using an [y criterion.

Keywords: Variable Selection, Regularization, Stepwise Regression
add citation to our Workshop paper Lin et al. (2008)

1 Introduction

In the past decade, a rich literature has been developed using [;-regularization for linear
regression including Lasso (Tibshirani, 1996), LARS (Efron et al., 2004), fused lasso (Tibshi-
rani et al., 2005), grouped lasso (Yuan and Lin, 2006), relaxed lasso (Meinshausen, 2007),
and elastic net (Zou and Hastie, 2005). These methods, like the lp-penalized regression
methods which preceded them Akaike (1973); Schwarz (1978); Foster and George (1994),
address variable selection problems in which there is a large set of potential features, only
a few of which are likely to be helpful. This type of sparsity is common in machine learning
tasks, such as predicting disease based on thousands of genes, or predicting the topic of a
document based on the occurrences of hundreds of thousands of words.

[1-regularization is popular because, unlike the [y regularization historically used for fea-
ture selection in regression problems, the /; penalty gives rise to a convex problem that can
be solved efficiently using convex optimization methods. [; methods have given reasonable
results on a number of data sets, but there has been no careful analysis of how they perform
when compared to [y methods. This paper provides a formal analysis of the two methods,



and shows that [; can give arbitrarily worse models. We offer some intuition as to why this
is the case — [; shrinks coefficients too much and does not zero out enough of them — and
suggest how to use an [y penalty with [; optimization.

We consider the classic normal linear model

y=XB+e,
with n observations y = (y1,...,y»)" and p features xi,...,Xp, p > n, where X =
(x1,...,%Xp) Is an n x p “design matrix” of features, 8 = (01,...,0p) is the coefficient

parameters, and error € ~ N(0,0%I,,). Assume that only a subset of {x; }?Zl has nonzero
coeflicients.

The traditional statistical approach to this problem, namely, the [y regularization prob-
lem, finds an estimator that minimizes the [y penalized sum of squared errors

argming {ly — X8/ + ollBlli, } (1)

where |83, = >_1_; I{,20) counts the number of nonzero coefficients. However, this prob-
lem is NP hard Natarajan (1995). A tractable problem relaxes the Iy penalty to the /; norm
1Bll5, = >=¢—1 18| and seeks

argming {ly — X8/ + MlIBlli, } . (2)

and is known as the [;-regularization problem Tibshirani (1996). The exact computation of
(2) is, in the worst case, much more efficient because of the convexity Efron et al. (2004);
Candes and Tao (2007).

We assess our models using the predictive risk function (3)

R(B,B) = Eglly — E(y|X)|3 =Eg|XB - XB|3. (3)

We are interested in the ratios of the risks of the estimates provided by these two criteria.
Unlike risk functions, predictive risk measures the true prediction error with irreducible vari-
ance from which noise has been removed. Smaller risks imply better expected performance in
the future for prediction purpose. Recent literature has a focus on the selection consistency,
where whether or the true variable can be identified is critical. However, in real applica-
tion, due to the prevalent multicollinearity, highly correlated predictors are hard to separate
from “true” or “false”. Here we focus on the purpose of prediction accuracy and provocate
[FORGET how to spell] the concept of predictive risk. explain risk vs. consistency
and the relation of risk to out-of-sample error; what else is this called b other
people? see www-stat.wharton.upenn.edu/ stine/research/select.predRisk.pdf;
maybe also Barbieri and Berger (2004)

Our first result in this paper, given below as Theorems 1 and 2, is that [y estimates
provide more accurate predictions than /; estimates do, in the sense of minimax risk ratios,
as illustrated in Figure 1:

R(B@O(VO))
R(B,By, (1))
for most s, especially for large s, which are mostly used in sparse systems.

e inf,, supg is bounded by a small constant; furthermore, it is close to one
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tends to infinity quadratically; in an extremely sparse system,

the [; estimate may perform arbitrarily badly.

e R(3, Bll (71)) is more likely to have a larger risk than R(3, [3,0 (70)) does.

Figure 1: Left: The gray area shows the feasible region for the risk ratios—the log risk-ratio is above
zero when [y produces a better fit. The graph shows that most of the time [y is better.
The actual estimators being compared are those that have the same risk at 3 = 0, i.e.,
R(0, Bi,(70)) = R(0, By, (1)). Middle: This graph traces out the bottom envelope of the
left hand graph (but takes the reciprocal risk ratio and no longer uses the logarithm scale). The
dashed blue line displays supg R(B, By (70))/R(B, B, (1)) for o calibrated to have the same
risk at zero as 1. This maximum ratio tends to 1 when 1 — 0 (the saturated case) or co
(the sparse case). With an optimal choice of 7o, inf., supz R(0, By (70))/R(B, B, (11)) (solid red
line) behaves similarly. Specifically, the supremum over 77 is bounded by 1.8. Right: This
graph traces out the upper envelopes of the left hand graph on a normal scale. When vy — oo,
supg R(B, B, (1)) /R(B, Biy (70)) tends to oo, for both ~; that is calibrated at 3 = 0 and that
minimizes the maximum risk ratio.

A detailed discussion on the risk ratios will be presented in Section 3, along with a
discussion of other advantages of [y regularization. Our other results in the paper include
showing that applying the [y criterion on an [y subset searching path can find the best
performing model (Section 4) and running stepwise regression and Lasso on a reduced NP
hard example shows that stepwise regression gives better solutions (Section 5).

We compare [y vs. [; penalties under three assumptions about the structure of the
feature matrix X: independence, incoherence (near independence) and when the [y problem
is NP-hard. For independence, we find: ... For near independence, we find that [; penalized
regression followed by [y (explain) beats [y, and for the NP-hard case, we find that if one
could do the search, then the risk ratio could be arbitrarily bad for I; relative to Iy

2 Background on Risk Ratio

what is it, why is it good, where has it been used? risk vs consistence; and
relation to out-of-sample error
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3 Risk Ratio Results

3.1 [j solutions give more accurate predictions.

Suppose that B is an estimator of 3. Remember that the predictive risk of ,3 is defined as

R(B,B) = Eslly — E(y|X)|3 = Eg||XB — XB|3.

We furthermore consider the case when X is orthogonal in this section. (For example,
wavelets, Fourier transforms, and PCA all are orthogonal). The Iy problem (1) can then be
solved by simply picking those predictors with least squares estimates | BZ| > v, where the
choice of v depends on the penalty A\ in (1). It was shown Donoho and Johnstone (1994);
Foster and George (1994) that A\g = 202 log p is optimal in the sense that it asymptotically
minimizes the maximum predictive risk inflation due to selection.

Let

) X R /
Bio(0) = <5II{|31\>%}"--vﬂpf{mpbw}) @

be the [y estimator that solves (1), and let the {1 solution to (2) be

(o) = (sien(B) (511 = )s- - sign(Bp) (15l = 1)) (5)

where the @’s are the least squares estimates.
We are interested in the ratios of the risks of these two estimates,

R(B, ﬂ:zO (70)) and R(8, ﬂ:ll (1))
R(B, B, (1)) R(B, 51, (70))

. Le., we want to know how the risk is inflated when another criterion is used. The smaller
the risk ratio, the less risky (and hence better) the numerator estimate is, compared to the
denominator estimate. Specifically, a risk ratio less than one implies that the top estimate
is better than the bottom estimate.

Formally, we have the following theorems, whose proofs are given in the last section:

Theorem 1 There exists a constant Cy such that for any ~vo > 0,

inf sup R(B, 5:11 (71))
" B R(ﬁvﬂlo (’YO))

Le., given ~q, for any 1, there exist 3’s such that the ratio becomes extremely large.
Contrast this with the protection provided by l:

> C1 + . (6)

Theorem 2 There exists a constant Cy > 0 such that for any ~v1 > 0,

inf sup w

<14 Coyilt. 7
0 5 R(B,0u(n)) h @



The above theorems can definitely be strengthened, as demonstrated by the bounds
shown in Figure 1, but at the cost of complicating the proofs. We conjecture that there
exist constants » > 1, and C3, Cy, C5 > 0, such that

(8, B (1)) ,
f _ > 14 C375, 8
5 RB A (0) 0 ®)
R(B, Bi,(10)) _c
f — S'Yl.
P RGO ®)

These theorems suggest that for any ~; chosen by the algorithm, we can always adapt
~o such that Gy, (7o) outperforms 5y, (1) most of the time and loses out a little for some 3’s;
but for any ~y chosen, no v; can perform consistently reasonably well on all 3’s.

Because of the additivity of risk functions, (see appendix equations (14) and (15)), due
to the orthogonality assumption, we focus on the individual behavior of 3 for each single
feature. Also the risk functions are symmetric on (3, so only the cases of 3 > 0 will be
displayed.

Figure 2 illustrates that given -, we can pick a =g, s.t. the risk ratio is below 1 for
most [ except around (yo + v1)/2, yet this ratio does not exceed one by more than a small
factor, even for the worst case.
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Figure 2: For each v1, we let 0 = 71 +41log(y1)/71. This choice of o makes the risk ratios small at 8 =~ 0
and (3 > 7o, only inflated around 3/(y0 + 1) = 1/2, albeit very little especially when =, is large

enough.

The intuition as to why [y fares better than [; in the risk ratio results is that [; must
make a “devil’s choice” between shrinking the coefficients too much or putting in too many
spurious features. [y penalized regression avoids this problem. This section explains this in
more detail.



3.2 [; shrinks coefficients too much

Why does the [; estimate fare so badly in the risk ratio comparisons? Because of over
shrinkage.

10 and 11 Estimates I1 Shrinks the Coefficient Laplacian and Cauchy
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Figure 3: Left: The Iy estimate keeps the least squares value after the cutting point, but the I; estimate
always shrinks the least squares estimate by a fixed amount. Middle: the model we simulate
has only one true feature with true § = 1 and a thousand spurious features. We compute the
average Lasso estimate of 3 for a fixed number of features included in the model (as an index
of the l; penalty) from several different trials. ézl is always shrunk by at least 20% in this
experiment. Right: The Cauchy density has heavier tails than the Laplacian density does.

Thus, a Laplacian prior tends to shrink large values of §’s.

From a frequentist’s point of view, the l; estimator (5) shrinks the coefficients and thus
is biased (Figure 3). In practice, @1 can be substantially shrunk towards zero when the
system is sparse, as shown in the middle panel of Figure 3.

From a Bayesian’s perspective, the [; penalty is equivalent to putting a Laplacian prior
on 3 Tibshirani (1996); Efron et al. (2004), while the Iy penalty can be approximated by
Cauchy priors Johnstone and Silverman (2005); Foster and Stine (2005). The right panel
of Figure 3 shows that the Cauchy distribution has a much heavier tail than the Laplacian
distribution does. This implies that when the true 3 is far away from 0, the [; penalty will
substantially shrink the estimate toward zero.

The bias caused by the shrinkage increases the predictive risk proportionally to the
squared amount of the shrinkage. The sparser the problem is, the greater the shrinkage is,
thus the larger the risk is.

These results show that in theory the [y estimate has a lower risk and provides a more
accurate solution. Empirically, stepwise regression performs well in large data sets, where a
sparse solution is particularly preferred George and Foster (2000); Foster and Stine (2004);
Zhou et al. (2006).

3.3 [y controls the False Discovery Rate (FDR) better.

The False Discovery Rate (FDR) is increasingly used to control the fraction of falsely
rejected hypotheses (e.g., the number of features added to the model that should not have



been added), especially in fields like biology and genetics, where the interpretation of the
data is at least as important as prediction. FDR is defined as E[V/R|R > 0]P(R >
0) Benjamini and Hochberg (1995), where R is the total number of discoveries and V is
the number of false discoveries among them. It controls the expected proportion of false
positives in multiple testing problems.

The procedure proposed in Abramovich et al. (2006) aims at controlling FDR in models
with the assumption of orthogonal predictors. It was shown that this FDR-penalized proce-
dure is adaptively optimal in any [, ball, 0 < p < 2, in the sense of asymptotic minimaxity.
The penalty being used is an [y type regularization.

To see this difference, we simulated a simple problem for Lasso and stepwise regression
to solve. In Table 1, we compare the mean true and false discoveries of coefficients found by
forward stepwise regression using RIC and Lasso on synthetic data. The forward stepwise
regression does a better job in controlling FDR than Lasso does, when a sparse result is
preferred.

p=2~8 p = 1000 p = 10000

Method | True False True False True False
Lasso 4.0 237 40 268 4.0 41.87

Stepwise | 4.0 061 3.73 0.14 40 0.18

Table 1: Mean true and false discoveries of features over 100 tests. In the simulation, the number of
effective features is 4 and that of the potential features p = 8,1000 and 10000. The sample size
n = 50. All the features are independently generated. Lasso tends to have a high FDR when the

system is sparse.

4 [, optimization using an [; criterion

cite Wainright and compare to his results; he notes that under near orthogonal
conditions, [; gives consistency.

We can make use of the LARS algorithm to generate a set of candidate solutions and
then use the [y criterion to find the best of the solutions along the regularization path. We
evaluated this method as follows. We simulated y from a thousand features, only 4 of which
have nonzero contributions, plus a random noise distributed as N (0, 1). Both the training
set and the test set have size n = 100. We apply the Lasso algorithm implemented by LARS
on this synthetic data set. For each step on the regularization path, this algorithm selects
a subset C C {1,...,1000} of features that are included in the model. We then adopt a
modified RIC criterion suggested in George and Foster (2000):

IC|

ly — XeBells + ) 2log(p/q)o” (10)
q=1

to find an optimal C. The crucial part here is that the coefficient estimate BC being used
in (10) is the least squares estimate of the true § obtained by fitting y on X¢ = (x;);ec,

7



and not the Lasso estimate Bh provided by the algorithm. We also use this least squares
estimate in out-of-sample calculations.
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Figure 4: Iy penalties help finding the best model (independent predictors case). y is simulated from one
thousand features, only four of which have nonzero contributions, plus an N(0,1) error. Both
the training set and the test set have sizes n = 100. Each step in the LARS algorithm gives a set
of features with nonzero coefficient estimates. We compute the least squares (LS) estimates on
this subset and the modified RIC criterion (10) on the training set. We also compare the out-of-
sample root mean squared errors using the LS estimates and the Lasso estimates on this LARS
path. The features are independently generated. The model that minimizes the ly penalized
error has exactly four variables in it. It also outperforms any of the [; models out-of-sample on
this data set.
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Figure 5: Iy penalties help finding the best model (correlated predictors case). The setup is exactly the
same as in Figure 4 except that each pair of features has a correlation p = 0.64. In this case,
the optimal model under the modified RIC criterion has a slightly better RMSE than the best
l1 model. The Lasso out-of-sample RMSE is typically minimized when the model has included

more than 50 features.



We compare two cases: the x;’s are generated independently of each other, meaning
that X’'X is diagonal, and the x;’s are generated with a pairwise correlation p = 0.64. As
shown in Figure 4, in the independent feature case, the model picked by the modified RIC
criterion always outperforms any Lasso model on the test set. In the case with correlated
predictors (Figure 5), there is little difference between the out-of-sample accuracies of the
lp-picked model and the best Lasso model in this case, but Lasso adds around 50 more
spurious variables.

Thus, by combining the computational efficiency of an [; algorithm and the sparsity
guaranteed by the [y penalization, we can easily select an accurate model without cross
validation.

Theorem: Under the assumption of incoherence, the risk ratio of I; to lo when [y is
followed by 777

Theorem: Under the assumption of incoherence, the I - I risk ratio of obtained when
I is used for feature selection, followed by [y regression is the same as when [y is used.

5 lp and NP-hardness

The [y problem is NP-hard and hence, at least in theory, intractable. (In practice, of course,
people often use approximate solutions to problems that in the worst case can be NP-hard.)
One of the attractions of /1-regularization is that it is convex, hence solvable in polynomial
time.

In this section, we compare how the two approaches fare on a known NP-hard regression
problem.

We start with a simple constructive proof that the risk ratio for I; to [y can be arbitrarily
bad. Construct data as follows. Pick a large number of independent features z;. Construct
new features 1 = 21 + €29 and x9 = 21 — €29 and. Let y = (21 + 22)/2 plus noise. Then the
correct model is y = xa/e. Include the rest of the features z;,j > 2 as spurious features. ...

In Natarajan (1995) the known NP hard problem of “the exact cover of 3-sets” was
reduced to the best subset selection problem as below: y = 1,,, X is an n X p binary matrix
with each column having three nonzero elements: ||x;|jo =3, 5 is a p x 1 vector, ¢ > 0 and
we want to solve

mgnHﬂHo, st. |y — XB|l2 <e. (11)

Note that if there is a solution to this problem, the number of features being chosen should
be n/3.

We then ask which method comes closer to solving this problem: a greedy approximation
to the [y problem or an exact solution to the I; problem. To this end, we applied Lasso
and forward stepwise regression on various n’s. For small n’s, we took full collections of the
three subsets, i.e., p equals n choose 3; for larger n’s, we took p = 10 - n. Table 2 and 3
list the number of subsets included in the model. Forward stepwise regression always finds
fewer subsets, and hence a better solution, than Lasso.

All of our experiments on both synthetic and real data sets show that greedy search
algorithms, such as stepwise regression, aimed at minimizing lp-regularized error provide
sparser results. This is because [y penalizes the sparsity directly, while I; does not. It is



Method |n=9 n=12 n=15 n=18 n=21 n=24 n=27 n=30
Lasso 6 10 11 17 19 21 22 29
Stepwise 3 4 5 6 7 8 9 10

Table 2: The number of subsets chosen by Lasso and by forward stepwise regression with ¢ = 1/4. All 3-
subsets were considered, i.e., p = (g) Forward stepwise regression always has the fewest possible

number of subsets, namely, n/3.

Method | n =99 n = 240 n = 540 n=990  n=1500
Lasso 93 219 504 812 1372
(2x10723) (9x1072%) (9x1071) (6x10729) (2 x 10720)
Stepwise 40 96 223 364 595

(1x10728) (6x10727") (3x10726) (6x1072%) (1 x 1072?)

Table 3: The number of subsets chosen by Lasso and by forward stepwise regression with e = 1/4. p = 10-n
3-subsets were randomly chosen to be the predictors. Forward stepwise regression always chooses
a sparser solution in the sense that it chooses fewer number of subsets. Numbers in parentheses

are the sum of squared errors when the algorithms terminated.

easy to construct an example where [; will pick a solution with a smaller /; norm but with
a less sparse solution Candes et al. (2007).

6 Conclusion

REWRITE

Statistically, the Iy regularization criterion is superior to that of [ regularization; [
generally provides a more accurate solution and controls the false discovery rate better. [y
can give arbitrarily worse predictive accuracy than [y, since [; regularization tends to shrink
coefficients too much to include many spurious features. Computationally, 1 appears to
be more attractive; convex programming makes the computation feasible and efficient. In
practice, however, approximate solutions to the [y problem are often better than than exact
solutions to the l; problem. The best properties of the two methods can be combined.
Superior results were obtained by using convex optimization of the [; problem to generate
a set of candidate models (the regularization path generated by LARS), and then selecting
the best model by minimizing the lp-penalized training error.

7 Appendix: Proofs

We will drop the 4’s when the situation is clear, and denote Blo (70) as Blo and [, (71) as
B, for simplicity.

10



The [y risk can be written as

p
R(3,B,) = EglXB—XBI> =85> x5 — )
=1
P
= Es Y ((e/Ixil)* L 5,y + (130802 5121 ) (12)
=1
p
= > {0®Es (22, 102,0543) + (Il B)2 P18 + 0 Zi] < 7)},
=1

where Z; = xle/o||x;|| ~ N(0,1), i =1,...,p.
Similarly, the [; risk can be written as

p
RB, ) = B Y (e lall = 30T 5,05y + O/ Iill + 925 s
=1

+(Iill B2 3,25y ) (13)
p
- Z {Es [(cZi - :)/)2I{Bi+0'Zi>'~Y} +(0Zi + :Y)zl{ﬁﬁ-aZK—’Y}]
=1

(%1 8:)* P16 +0Zil <)}

Without loss of generality, we assume X’X = I and o = 1. Specifically, we consider the
case when p = 1. Let ®(z) = P(Z < z) and ®(z) = P(Z > z) be the lower and upper tail
probabilities of a standard normal distribution and the two risk functions can be explicitly
written as

A o0 —10— _
R(B. ) = / 20(2)dz + / 20(2)dz + B [(v0 — B) — B0 + B)
Y

o—0B —00
= (70 —B8)o(v —B)+ (v + B)o(v + B) (14)
+B(—0 + ) + 828 (10 — B) + (1 — B2 B(0 + ),

. 00 -mn—8
ROA) = [ comPoazt [ o
Y

1—0 —00
+62 [@(1 — B) — B + )]
= (—m = B)o(n — B) + (=1 + B)o(n + B) (15)
+(7 + D)@(—y1 + B) + B20(11 — B) + (7f + 1 = %) @(71 + B).

We list a few Gaussian tail bounds here that we will use in the proofs later. Detailed
discussion can be found in related articles Feller (1968); Donoho and Johnstone (1994);
Foster and George (1994); Abramovich et al. (2006).

Lemma 3 For any z > o,

1 ¢(2) (27! = 278) < B(2) < 4(2)27Y;

11



2. ®(z) <e /2.

o
3. ¢(z) (@t =234+ (1-3)-27°—(1-3-5)- o7 (—1)F (2= 1)1 272k overestimates
®(2) if k is even, and underestimates ®(z) if k is odd.

Lemma 4 For large enough o > 0,

inf sup ———== R(B, Bn) > 0. (16)

5 RS, i)
Proof It suffices to show that for any fixed vy and any

sup (B, ﬁll) > 0.

R(B, Biy)
Suppose v1 > 70/V2, let 8, = (n+ 1)7y, then

3 3112 3 5112 ’Yo
180 = Brsllz > 116 _BLS||QI{BLS>71} ’Yl {5Ls>’¥1} =9 {ﬁLs>’Vl}

Hence,

2
BB — Brsl3 > 2 P(BLs > n).

where Z ~ N(0,1). Thus,

A A~ ~ ~ 2 A
E|By — Bal} = EllAy — Busl — EllBes - Bully > L P(Bs > m) - 1
% 5 5
= (20 - 1) P(Brs >m) — P(Brs <m)
> %®((n+ 1)y — 1) — 21— (n+ 1)),

for large enough .
On the other hand,

ElB, — Ball} = —nv06(n0) + (n+2)06 ((n + 2)70) + @ (ny0)
+(n 4+ 1)*15P(n0) + u—-n+1%@é«n+m%>

1
L4 { —nv0 — 2nfy G(ny

(0ot 24 A0 “’j;)ljo ©) o((n+ 20

1
1+@+n+%<“1>mem

IN

IN
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Hence,

R(ﬁnvﬁ:ll) > 202((n + 1)y =) = (1 — (n+ D)
R(Bn, Bry) 1+ (2 +n 1t + 26_2(”“)73) Yoo (nyo0)

Let n — oo, then

Sup R(ﬁ?ﬂ/\h) > hm R(/Bﬂdﬁll) > ’}/0. (17)

8 R(B,B,) "% R(Bn, Biy)

For those 0 < 1 < 70/ V2, we consider 6 = 0 and denote

Ro(y0) = R(0,6,(m)) = 2%00(30) + 28 (70) (18)

Ri(m) = R(0,fi(10)) = —2md(1) + 2077 + 1)(m). (19)

We first show that for ¢ <1 <o/ V2, R1(71)/Ro(v0) > 70, where c is a constant such
that ®(z) — ¢(2)(1/2 — 1/23 +1/25) > 0, for any 2 > ¢, then since

d -
dTlRl(%) = —4¢(m) +4m®(m) <0,

for any 0 <y, <c¢

Bi(m)  Bale)
Ro(v0) ~ Ro(0)

For any ¢ < v < ’yo/ﬂ, we have ¢(v1) > qb(’yo)e_'yg/A‘, and

Ri()

>

> —2mp(m) +2(11 +1) (i =P +1°) é(m)
> 297 %¢(m1) > 27295 5 (0 )€/
<

Ro(70) 2 (vo+15 ") ¢(70)-

Thus for large enough g

Ri(71) - 95/2¢73 /4
Ro(v0) ~— 1§+

> 0.

Proof of Theorem 1: Let C] = —argmin,{z > 2 : 2%/2¢="/4 — 27 — 25 > 0}. O
Lemma 5 There exists an M > 0 and a constant C > 0, such that for all v1 > M,
Yo =71 +4logvi /1,

supREﬂ’ﬁAloiél—l-C-yll. (20)

s R(B, 0,
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Proof
It suffices to show that for all § > 0, we have
R(G.E
Mél%—c-vfl. (21)
R(B, B1,)
The proof is done by generating bounds for the risks at various g’s.
We first show that this is true when 0 < 8 < log~1/v1. When 8 ~ 0, the left hand side
of (21) is dominated by rejecting parts. We thus have

R(B,61) > 2vioem p <Z >+ m) (22)
M M
and o
Rwﬂﬁ§%ﬂ422m+ﬂf“> (23)

The P() term in (23) goes to zero much faster than the P() term in (22). Hence the ratio
converges to zero for large ~;.
For small 3, namely || < 1 — 2v/log~1 we have

R(B,31) = B°P(12Z] < — |8, (24)
and R
R(B, Bo) < B°P(|1Z] < v — |B]) + 21 P(1Z] = 70 — B). (25)

The two risks are close to each other relative to the size of the [y risk.
For |3| > v1 4+ 1 we have

R(B,51) > R(B, Bo)- (26)

This is because

R(3,0) = (0= B)é(r0—B)+ (0 + Moo +6)
+0(—0 + 8) + 82®(70 — B) + (1 — ) ®(70 + )

= (4 Av— By — B) + (1 + Ay — B) jﬁw 8| Ay

gat

Ay

71

Hn + Ay + B)d(n + B) + (1 + Ay + 8) ;ch(wrﬁ)

FO(—1 +B)+ oD~y + )

A
oy 7

71

Ay + BBy — B) + B ;@w )

71

L= B)B(n + B) + (1 — B2 ;éww Ay £ e o0(Ar)
Y1

= (m1—=B)d(n —B) + (m1 + B)d(n + B) + 2(—71 + B) + B°P(v1 — B)
+(1 = BHP(v1 + B) — (4] — 2B71)d(71 — B)AY
—( +2671)6 (71 + B) Ay +y1e THo(Ay)

= R(B,5,) +2m1(11 — B) + 2md(n + B) — 11 ®(—n + B) — 11 ®(n1 + )
—( = 2B71)6(11 — B)AY — (4 +267) (1 + B)AY + y1e7 7T 20(Ay)

14



We consider Ay = 4log(v1)/v1. When 3 > v + 1, and 1 is large, we have

R(ﬂv Blo) - R(ﬁa Bh)
< i+ @n = (B—m)"1/2— 4y log(m1) + 8Blog(m1)) (11 — B)

F(291 — (B4 71)71/2 — dy1log(m1) — 881og(11))d(n + B) + vie 1 20(Ar)
< 0.

For 3 close to 1, namely 1 — 2y/logv1 < |3] <71 + 1 we have
R(B,51) > /2 (27)
and

R(3,51) — R(B, o) < mP <71 —-B<Z< -

8+/1
_’Yl ( ﬂ+ ;)g’y < ZS 2,)/1 ﬂ) _|_,Y%6771/8
1

n 8v/logm >
g4t

This case is where the C' in (20) gets its actual value. We have made this gap more
explicit. Our result follows from computing with the actual tail bounds for the normal
distribution. The proof of this penultimate case requires using Lemma 6.

|
Lemma 6 For X = 3+ Z where Z ~ N(0,1), and 3 = f(X) with |3 — X| < ~,
E [(B—ﬂ)QIA} < (7 +2)2/P(A)
Proof
~ 2 2
E[(ﬁ—ﬁ) IA] = [(ﬁ X+X - ) IA] [(m X|+121) 1 }
< E[or+ 12 1) < B [+ 120 miz
Where
E[(ryﬂzbﬂ = A4 4 43| Z] + 69°EZ2 + 44E| Z|° + EZ*
< A 4246924+ 498 4+ 16 = (v +2)*
|

Proof of Theorem 2: For y1 < M we know that there exists some ¢ > 0 such that
R(B,01,(71)) > € for all 8. If we use the trivial estimator vo = 0, we know it has risk 1.
Hence, we can pick Co = max(1/e, C') where C' is from our lemma, then Theorem 2 follows.
O
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